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DIAGRAMMATIC PROOF OF THE CONDITION OF FUNCTION- 
ALITY IN COMPLEX FUNCTIONS. 



By A. LATHAM BAKER. C. E., Ph. D., University of Rochester, Rochester, N. T. 



1°. If thegiven complex function W(z)=W(x->riy)—U-\-iV has a deriva- 

dW 
tive we may write— 5— =w, which phrased for the Argand Diagram is: The tri- 
dz 

angle determined by dW, dz is similar to that determined by w, 1. 

At the point z, suppose 2 

to take the increment dz=dx, 

causing in W, the change 



dW 



, ,-dx=fdx + &x 
oz-—dx ox ox 



lying at an angle, say <f>, with 
dz=dx. This is shown in the 
diagram. 

Suppose s had taken the 
increment dz, causing in W the 

change —j—dz, making with dz 
dz 



the same angle <j>. 

dW dW 




Rir 



dx dz 



w , dW 

—7-, we have 



dz 



oW ~d:c 



j dW , 
and —r—dz will make with 
dz 



a \y dz dv 

-= — dx an angle whose secant is -=— = tan -1 -^-. 

ox dx dx 



dW 



-dy makes with the ver- 



Similarly when z takes the increment idy, --.- 

dz=dy 

tical the same angle (j>. All these increments are shown in the diagram. 

2°. Denoting the lengths of the lines in the diagram by Greek letters as 

shown, we get 



therefore 



Ay . dy a dy 

' dx dx ,3 dx 



r_. 



■V 1 



dx 



dx 



dy 
dx ' 



or introducing the Argand elements, 
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idy 



■ oV j 
t^—dx 

ox 



dx 



In the same manner 



— dx 
dV , Av , dy dx dy dU , 



dy 



dx 



dx 



dx dx 



or in the Argand Diagram 



■ dV A 



dU 

dx 



dx 



idy 



dx 



These two results entail as the results of functionality (Cauchy's conditions). 



dU 
dy 



dV 

dx' 



T y d y =-dx dx - 



Y IK 

3°. Or we might have said, since -=—=-=— or 

dv dx 



dJJ 

dy 



dV 
dx 



Whence multiplying i-^- by i revolves it into coincidence with'-.-, that is, 



dV dU 
(see paragraph 4°) — ^.= -^- 



Similarly, 



dx 
dV 
dy 



dU 

dx 



.dV .dU dV dU 
Whence, t^— = i-sr-, or ,— = - E — . 
dy ox oy ox 

4°. Since -=-=-}—) in the same way 
o dy 

dW 



dW 

dx 



dW 

dy 



dW 

But— =— was 

ox 



produced by dividing -*-—dy by dy. In the diagram dy is essentially negative, 

and remembering that division is doing to the operand what was done to the di- 

dW 
visor to produce unity, we revolve -5 — dy through 180°, and change in the 

dW 
proper ratio, giving -^- as shown in the diagram. The same remarks apply to 



dx 



dy 
, but here the angle is zero. 
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dW dW 

Evidently revolving -^ — through 90° gives coincidence with -= — , or 

.8W _dW 

dx dy ' 

which is Riemann's condition of functionality. 



INTEGRATION OF ELLIPTIC INTEGRALS. 



By G. B. M. ZEES, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadelphia, Pa. 



Let e i =f 



[Continued from October Number.] 



e' e. 5 eJ e*„_i 



~2±e*~' s_ "2±^' ° 3 ~ 2±e.f ' '"" ' " _ 2±e 2 „_, * 
[{l±e' i sin 2 fi){l±e s C(,s-8)]i = R, 
[(l-e 1 2 sin 2 2#)(l±e 8 sin 8 0)(l±e 2 cos 2 0)]4 = R u 
[(l-e s 2 sin 2 4^)(l-e 1 8 sin 2 2(/)(l±e 3 sin 2 «)(l±e 8 cos s ^)]5 = fi s , 
[(l-e s 2 sin 2 8#)(l-e s 2 sin 2 4#)(l-e 1 2 sin 8 2^)(l±e 2 sin 2 #)(l±e 2 cos 2 #)]=7? 3 

L(l-e K 2 sin 2 2»#j(l-e 2 TC _ 1 sin22«- 1 6'). . . .(l~e 3 2 sin 8 80) 
[(l-e s 2 sin 2 4(9)(l~e 1 2 sin 2 26')(l±6 2 sin 2 #)(l±e 8 cos 8 #)] ...R n . 
But R=[l±e*(.a\T\W+co8*tt)+e*aiia s ticoB t 0'\h =[l±e 1 +ie i s\n 2 20]h 

=4[(2±« 2 ) 2 -« 4 cos 8 2tf]i = i(2±e 2 )[l-e 1 8 sin 8 (i^-2fl)]^ . 
Let \n-2ti=cp. ThendO=-id<p. 

.-. C*Rd0=l(2±e*) C*" i/(l -e* sin* <p)d<p 

•' J -lir 

=J(2±e 2 ) C\<'(l-e*8m*<p)d<p--=h{2±e S! )E(.e u ix) (85). 

■' o 

fl'dti 2 fl* dq> 2 
J o Jt = 2±T*J „ 1 /(l-« 1 «8in»9») = 2±T«* Xei ' }?r) (86) " 



